We compute bordered Floer homology CF DD of (2, 2n)-torus link complement, and discuss assorted examples and type-DD structure homotopy equivalence.
reeb chords ρ I , I ∈ {1, 2, 3, 12, 23, 123} and two idempotents ι 1 and ι 2 such that ι 1 + ι 2 = 1. Multiplication rule between reeb chords follows concatenation rule of chords, and there is a subalgebra I ⊂ A(Z) generated by idempotents. In this case, we will call it torus algebra. Detailed description can be found in [6] .
If a 3-manifold Y has connected boundary, the surface F (Z), preferred disk D and a point on the ∂D determine parametrization of the boundary of Y . We write this data a triple (F (Z), D, z). If Y has two boundary components, then we need to have two surfaces (F 1 (Z 1 ), D 1 , z 1 ) and (F 2 (Z 2 ), D 2 , z 2 ). Fixing a framed arc whose two endpoints pointing into D i at z i , i = 1, 2, we drill a tunnel along the framed arc so that we get a single boundary surface whose genus is the sum of genuses of F 1 (Z 1 ) and F 2 (Z 2 ). The bimodule of the doubly bordered 3-manifold Y can be defined via CF D of the drilled manifold, namely Y dr , although the alternate definition (working with disconnected boundary directly) is easier to use in our case.
Definition 2.1 An arced bordered Heegaard diagram with two boundary component is a tuple (Σ, α, β, z) satisfying:
• Σ is a compact, genus g surface with 2 boundary component ∂ L Σ and ∂ R Σ.
• β is g-tuple of pairwise disjoint curves in the interior of Σ.
• α = {α a,L = {α • z is a path in Σ\(α ∪ β) between ∂ L Σ and ∂ R Σ.
As usual, Z L denotes (respectively, Z R ) a pointed matched circle on the left (respectively, on the right).
Construction of doubly bordered three manifold from an arced bordered Heegaard diagram is as follows. First cut open Σ along the path z. Since z is connecting to boundaries ∂ L Σ and ∂ R Σ of Σ, the resulting diagram H dr is a Heegaard diagram of single boundary. Thickening H dr and attaching 3-dimensional 2-handles on it, we get a bordered manifold Y dr with single boundary component. The boundary can be decomposed into three pieces: F 1 (Z L )\D 1 , F 2 (Z R )\D 2 , and an annulus A. If we glue another 3-dimensional 2-handle along the annulus, we obtain the required doubly bordered three manifold.
There are three types of bimodules: CF AA, CF DA, CF DD. We will be interested in CF DD and CF AA only. Before giving definitions of these bimodules, we introduce algebraic preliminaries of them. A generating set of bimodules CF DD(H) and CF AA(H) is same as the set S(H dr ) of generators of drilled diagram, which will be denoted S(H). For given two generators x and y, a homology class π 2 (x, y) connecting x and y is defined by similar manner. Likewise, a domain of homology class B ∈ π 2 (x, y) is a linear combination of components of Σ\(α ∪ β). By convention, we do not count homology classes or domains that crosses the region contains the path z. A doubly bordered Heegaard diagram is provincially admissible if the bordered diagram H dr is admissible.
We now turn to moduli space of curves. Let x and y be generators, and B ∈ π 2 (x, y) be homology class connecting them. Once the homology class B is fixed, there is a compatible pair (B, ρ). The ordered set of Reeb chords ρ has both left and right Reeb chords. Consider a union of two ordered sets of
Reeb chords
consists of left Reeb chords (respectively right Reeb chords). An ordered set of Reeb chords ρ said to
R as a set and the orderings of − → ρ L and − → ρ R agree with the orderings induced by ρ. We will sometimes use (B,
to denote the compatible pair and the moduli space of holomorphic representatives of this domain. (We do not describe the module space in detail, referring the reader to [6, 7] .) The expected dimension of moduli
where e(B) is Euler measure, n x (B) sum of average of local multiplicities sur-
Now we are ready to associate two types of bimodules on doubly bordered Heegaard diagram. First we define CF DD(H).
The left boundary −∂ L Σ with a point z L = ∂ L Σ∪z, whose orientation is opposite from the induced orientation, can be considered as a pointed matched cir-
is the pointed matched circle. Then the we get the torus algebra A(T ) = A(−Z L ) on the left boundary. Construction of the torus algebra on the right boundary is also similar.
There is an idempotent action on S(H). Recall that the torus algebra has a subset I of idempotent elements, namely I L := {ι 1 , ι 2 } ⊂ A(−Z L ) and I R := { 1 ,  2 } ⊂ A(−Z R ). The left and right idempotent action is defined to be,
and α a,R j are not occupied by x 0 otherwise Then the map
is similarly defined by taking summation on all possible holomorphic representatives of compatible pair (B, ρ).
Provincial admissibility ensures that this sum is finite.
CF AA(H) is an A ∞ -bimodule over left and right A ∞ algebras A(Z L ) and A(Z R ) also generated by S(H). The idempotent action is opposite from CF DD case.
and α a,R j are occupied by x 0 otherwise Then following A ∞ module map
satisfies compatibility condition( [7] ).
3 Computation of CF DD of (2, 2n) Torus link
Schubert normal form and diagram of 2-bridge link complement
We will be mainly interested in 2-bridge link, so it is useful to mention Schubert normal form of 2-bridge link(or knot). Let p be an even positive integer and q be an integer such that 0 < q < p and gcd(p, q) = 1. Let us consider a circle with 2p marked point on its boundary. Choose a point and label it a 0 . Label other points a 1 , · · · , a 2p−1 in clockwise direction. Then connect a i and a 2p−i with straight line, i = 1, · · · , p − 1. Finally connect a 0 and a p with underbridge, a straight line that crosses below other straight lines.
Now consider two copies of such circle. Draw arcs between these two circles, so that each arc is connecting a i from on one circle and a q−i on the other(the labeling is modulo 2p). These arcs should not intersects any other straight lines nor other arcs. The resulting diagram gives a link that we denote S(p, q). The diagram is called Schubert normal form of the link. See [ Figure 1 ]. More detailed description, especially about the Schubert normal form of 2-bridge knot can be found in chapter 2 of [13] .
Recall that 2-bridge link L is a link in S 3 that admits a link diagram with two maxima and two minima. Given such a link diagram we can also construct Schubert normal form. Let B 1 and B 2 be small neighborhoods of those two maxima. Consider (S 3 \νL)\(B 1 ∪ B 2 ). Drilling a tunnel connecting B 1 and B 2 gives a three-manifold Y with single boundary and the boundary is a genus 2 surface. Longitudes λ L and λ R of left and right components of L give Schubert normal form of L, after applying isotopy on three manifold which uncrosses all crossings of L.
The resulting three manifold will be a handlebody with one zero handle and two one handles, with longitudes λ L and λ R are on it. Let µ L and µ R be meridians of left and right component. Consider the boundary of the three manifold and puncture at the two intersections of meridians and longitudes. Then the resulting suface Σ with two punctures becomes doubly bordered
2 ). In this section, we compute a bimodule of (2, 2n) torus link complement from the diagram. Doubly bordered Heegaard diagram of (2, 2n) torus link is given in [ Figure 3 ].
Remark 3.1 Reader should be aware that to connect left and right punctures with an (framed) arc is not always possible. In fact, a domain that is adjacent to both punctures does not exist except for the (2, 2n) torus link case. To fix this, choose µ L or µ R and apply a finger move on the chosen meridian along the longitude so that the resulting puncture is on the domain that is adjacent to the another puncture.
Computation of map δ
1 of CF DD Now we will compute CF DD(H), where H is Heegaard diagram of (2, 2n)-torus link complement. The Heegaard diagram is given in [ Figure 3 ].
Periodic domain First we investigate periodic domains π 2 (x, x). It is well known that π 2 (x, x) ∼ = H 2 (Y (H), ∂Y (H)) ∼ = Z ⊕ Z, by Meyer-Vietoris sequence. Thus there are two linearly independent periodic domain in the diagram. Recall that homology group π 2 (x, x) ∼ = H 2 (Y, ∂Y ) from Remark 2.13. The proof can be found in [5] , Lemma 2.6.1. or [6] , Lemma 4.18. In their proof, they use the isomorphism
where Σ = (Σ/∂Σ)\{z}. The isomorphism given above is proved by investigating long exact sequence of pair (
. This isomorphism enables us to find periodic domain from given diagram by choosing right combinations of α and β curves such that sum of their image in H 1 (Σ/∂Σ) is in counterclockwise direction, then the orientation of β 1 is from right to left in the diagram. Then we impose coefficient zero to the outermost region that contains the framed arc. Starting from the outermost region, we impose regions adjacent to it according to following rule. Suppose we have two adjacent region A and B such that coefficient of A equals l and coefficient of B is not determined. If we can reach region B from region A by crossing a curve of multiplicity k from right to left(notion of "left" and "right" is justified since we have orientation of curves), we give the region B coefficient k + l; otherwise we give coefficient −k + l. If we can give coefficients to all regions in this way consistently, then the orientations given to curves α and β is boundary in H 1 (Σ/∂Σ).
Since there are two possible choices of orientations of longitudes up to sign, we found two generators of π 2 (x, x). Then the periodic domains are,
See also [ Figure 2 ].
Thus this diagram is provincially admissible; in fact, there is no provincial periodic domain here.
Generators According to the labeling given in the diagram, There are 2n 2 + 2n generators and classified into 4 groups.
where i and j have same parity ay i where i is even
where i is even ay i , x j b where i and j are odd From now on, we will disregard generators of group because of following reason. The main purpose of the bordered Floer homology is to compute Heegaard Floer homology of three manifold obtained by taking boundary sum. In link complement case, we take boundary sum with solid tori. Typically bordered Heegaard diagram of solid tori is a genus one surface with a puncture, equipped with β = {β 1 } and α = {α • CF DD(H, +1) consists of generator that occupies α
• CF DD(H, 0) consists of all other generators. From now on, we will be only interested in the generators belong to CF DD(H, 0). Domains We will consider domains that contributes to the differential δ 1 . First obvious condition is domain should have at most four corners, thus it can have two or four corners. In [ Figure 6 ] there is no bigon domain, so let us consider a connected rectangular domain with four corners first. In order to get such domains, typically we need to stack up regions as follows. First begin with any provincial region (that is not adjacent to boundaries). Then one can extend the region by choosing a region adjacent to it. For example, if one begin with R i , then may extend it by adding another provincial domain R i±1 or P i±1 . The former way of extending region or domain, we will call the region or domain is horizontally extended. The later will called to be vertically extended. It is worth pointing out that a provincial region cannot be extended horizontally and vertically at the same time, because in such cases Maslov index cannot be one(see [ Figure 4 ]). Also we need to consider non-rectangular domains. For example, annular domain or genus 2 domain. The genus 2 domains have to contain Q 1 + Q 2 + Q 4 and it can be interpreted as annular domain or rectangular domain. Explanation is given later in this section. 
where I, J ∈ {φ, 1, 2, 3, 12, 23, 123}. Here ρ I means an algebra element comes from the left boundary strands algebra and σ J right strands algebra. To investigate δ 1 actions on generators, it is convenient to classify the resulting terms by its strands algebra elements.
Algebra element 1 We should find all provincial domains. We claim that only rectangular domains contribute to the differential δ 1 .
Lemma 3.3 Every non-rectangular domain with ind(B, ρ) = 1, its sequence of Reeb chords ρ is nonempty.
proof Suppose there is a non-rectangular provincial domain(in this case, an annulus) that has nontrivial contribution to differential δ 1 . Then the number of corners of the domain must be two. This claim is justified by considering number of different types of corners. Since the number of corners of any domain should not exceed four, there are only 5 possibilities;
• four 270
• corners
• four 90
• three 270
• corners and one 90
• corner
• one 270
• corner and three 90
• two 270
• corners and two 90
• corners.
Since the domain was assumed to be provincial, it must be a combination of regions P 1 , · · · , P 2n−3 and R 1 , · · · R 2n−3 . Considering index formula e(A) + n x (A) + n y (A), indices of first three cases cannot be one. Likewise we can easily rule out the last case. The fourth case does not exist by following reason; since the shape of domain is annulus, the 270
• corner must be on the boundary of the domain. Then the other boundary must have two 90
• corner. If not, i.e, if one boundary component has all three 90
• corners, then there cannot be a holomorphic involution interchanging inner and outer boundaries. Thus, the one boundary has two 90
• corners and the other boundary has one 90
• corner and one 270
• corner. Especially the boundary that has two 90
• corners should consist of one α curve and one β curve, and the intersections have to be 90
• . However such a boundary cannot be obtained by any combination of domains in [ Figure 3 ]. Therefore, P 1 , · · · , P 2n−3 and R 1 , · · · R 2n−3 are only domains not adjacent to the boundaries, so extending these regions horizontally or vertically is the only possibility to get provincial domains. Such combinations of extension can be written explicitly as below.
All of these domains are rectangular so each of these domains contribute nontrivial differential with algebra element 1. In terms of generators,
Algebra element ρ 1 and σ 1 . Domain Q 3 is adjacent to algebra element ρ 1 . By the nature of type D structure, any domain whose multiplicity of Q 3 is greater than 1 cannot contribute nontrivial differential. By similar argument as in previous case, we list possible domains as below.
All such domains are extended horizontally. On the other hand,
which are extended vertically.
These domains are all quadrilateral thus dimension of moduli space and number of holomorphic curves (modulo 2) are obvious, as written below.
Differentials involving σ 1 can be found in parallel manner, by using symmetry of the diagram.
Algebra element ρ 3 and σ 3 . Similarly, domains adjacent to ρ 3 are all listed
and,
Domains adjacent to σ 3 are similar. We get differentials as below.
Algebra element ρ 2 ⊗ σ 2 . A domain Q 2 adjacent to ρ 2 is adjacent to σ 2 as well. So this is the one and only domain occurs an algebra element ρ 2 ⊗ σ 2 . Thus we have x 2n−1 y 2n−1 → ρ 2 ⊗ σ 2 ⊗ ab. Algebra element ρ 3 ⊗ σ 1 and ρ 1 ⊗ σ 3 . There are two domains contributes ρ 3 ⊗ σ 1 ; those are Q 1 + R 1 + R 2 + · · · R 2n−3 + Q 5 and Q 1 + P 1 + R 2 + P 3 + R 4 + · · · R 2n−4 + P 2n−3 + Q 5 . This gives ab → ρ 3 ⊗ σ 1 ⊗ (x 1 y 2n−1 + x 2n−1 y 1 ). Again, using symmetry of the diagram, ab → ρ 1 ⊗ σ 3 ⊗ (x 1 y 2n−1 + x 2n−1 y 1 ). Now, we will be mostly working on differentials whose domain is non-rectangular. To find holomorphic curves of such domains we will dualize CF DD to CF AA, so that we can use A ∞ structure of it and ensure existence of holomorphic curves and its count(modulo 2).
Algebra element contains ρ 12 . To take advantage of A ∞ structure of CF AA, the orientation of two boundaries of Heegaard diagram has to be reversed. We denote ρ I (respectively, σ I ) denote the algebra element of strands algebra A(Z); that is, for a orientation reversing diffeomorphism R : S 1 \{z} → −S 1 \{z}, stands algebra of left boundary maps R * (ρ 1 ) = ρ 3 , R * (ρ 2 ) = ρ 2 , and R * (ρ 3 ) = ρ 1 . Right boundary is similar.
Returning to
, but these cuts will increase Maslov index by one). Under the interpretation, the domain is an annulus with one boundary consists of two segments α curves and two segments of β curves, and another boundary α curve only. In the sense of Lemma 9.4 of [9] , such an annulus cannot allow a holomorphic involution that interchanges one boundary to another, carrying α curves to α curves and β curves to β curves. Thus the moduli space M(x 2n−2 y 2 , x 1 y 1 ; ρ 23 , σ 12 ) cannot give nontrivial differential. Domains such as Q 2 + Q 3 + Q 4 + P 1 + P 2 or Q 2 + Q 3 + Q 4 + R 1 + P 2 , obtained by extending Q 2 + Q 3 + Q 4 horizontally or vertically can be considered similarly. Thus they do not give nontrivial differential as long as the shape of domain is topologically equivalent to Q 2 +Q 3 +Q 4 .
There are two domains possibly give nontrivial differential; they are Q 2 + Q 3 + P 1 + · · · + P 2n−3 + Q 4 and Q 2 + Q 3 + R 1 + P 2 + · · · + R 2n−3 + Q 4 . We will consider domain The domain Q 2 + Q 3 + P 1 + · · · + P 2n−3 + Q 4 first. It has three interpretations. Each of the interpretations comes from choice of cuts made on boundary of domain. Cuts are allowed where domain has 270
• or 180
• corners, and point on boundary where it intersects with α curve. Thus the domain Q 2 + Q 3 + P 1 + · · · + P 2n−3 + Q 4 has two points possibly have cuts; a point between ρ 1 and ρ 2 , and a point between σ 2 and σ 3 . Of course, it may not have any cuts at all. We list moduli spaces of these interpretations as below.
• M(ay 2n−1 , ay 1 ; ρ 3 , ρ 2 , σ 12 )
First we will consider M(x 2k−1 y 2n−1 , x 2k−1 y 1 ; ρ 23 , σ 12 ). proof We will compute signed number of the moduli space by considering following A ∞ compatibility condition.
The right hand side of equation above consists of six terms. Second term vanishes because m(x 2k−1 y 2n−1 , ρ 2 ) does not have algebra element σ 2 (note that domain Q 2 is adjacent to ρ 2 and σ 2 ). Similarly, third term vanishes since m(x 2k−1 y 2n−1 , σ 12 ) has σ 12 as its input but it lacks of ρ 2 . Last term also vanishes because of Maslov index is not one. Replacing µ(ρ 2 , ρ 3 ) = ρ 23 and m(x 2k−1 y 2n−1 ) = x 2n−2 y 2k + x 2k y 2n−2 , above equation reduces as follows.
The first term on the right hand side is corresponding to moduli space
whose Maslov index is not one. Second term also vanishes because extending Q 2 + Q 3 + Q 4 either horizontally or vertically can never results domain with corners that contains x 2k and y 2n−2 . The last term also vanishes by following reason; moduli space M(x 2k−1 y 2n−1 , ay 2k ; ρ 2 , σ 12 ) has no holomorphic representative, since the domain is an annulus and does not allow holomorphic involution, so m(x 2k−1 y 2n−1 , ρ 2 , σ 12 ) = 0. Hence, m(x 2k−1 y 2n−1 , ρ 23 , σ 12 ) = 0 and M(x 2k−1 y 2n−1 , x 2k−1 y 1 ; ρ 23 , σ 12 ) = 0.
Second interpretation is M(x 2n−1 y 2n−1 , x 2n−1 y 1 ; ρ 23 , σ 2 , σ 1 ). The domain is an annulus, each boundary consists of one α curve segment and one β curve segment. Modulo two count of the moduli space can be computed by similar computation as above. proof Again, we consider A ∞ compatibility relation as below.
m(x 2n−1 y 2n−1 ) = 0 since there is no provincial domain connecting x 2n−1 y 2n−1 , thus first term on the right hand side vanishes. Fourth term also vanishes because m(x 2n−1 y 2n−1 , ρ 2 , ρ 3 ) = 0 (domain Q 2 as adjacent both ρ 2 and σ 2 ). By same reason, fifth term vanishes. m(x 2n−1 y 2n−1 , ρ 2 , ρ 3 , σ 2 ) in the sixth term does not represent a domain with four corners. Recall that a domain that involves ρ 2 and ρ 3 must have σ 1 . Thus sixth term vanishes. Similarly seventh term also vanishes. m(x 2n−1 y 2n−1 , ρ 2 , ρ 3 , σ 2 , σ 1 ) = 0 by considering Maslov index.
Then above compatibility relation reduces to,
Note that second term on the left hand side equals x 2n−1 y 1 +x 1 y 2n−1 . This implies moduli spaces M(x 2n−1 y 2n−1 , x 2n−1 y 1 ; ρ 23 , σ 2 , σ 1 ) and M(x 2n−1 y 2n−1 , x 1 y 2n−1 ; ρ 23 , σ 2 , σ 1 ) equal one.
However, idempotents of CF DD complex prohibits nontrivial differential from moduli spaces considered above. Explicitly,
and idempotent ι 1 also occupies same α-arc.
Third interpretation is M(ay 2n−1 , ay 1 ; ρ 3 , ρ 2 , σ 12 ). This is again an annulus and one of its boundary has two α curve segment and two β curve segment, thus it cannot give nontrivial differential, either.
Next, we consider domain Q 2 + Q 3 + R 1 + P 2 + · · · + R 2n−3 + Q 4 . Possible cuts may arise a point between σ 2 and σ 3 . Thus possible interpretations are,
Modulo two count of the first moduli space is one, but because of idempotent it cannot give nontrivial contribution to differential. Second moduli space has modulo two count zero by similar computation in Lemma 3.4 or Lemma 3.5.
Algebra element contains ρ 23 . Roughly speaking, domains that possibly contribute algebra element ρ 23 is obtained by vertically or horizontally extending domain Q 2 so that resulting domains contain Q 1 . We do not extend Q 2 horizontally and vertically at the same time to get a Maslov index one domain with at most four corners. Case 1. We will first consider following annular domains.
We will first consider domain Q 1 + Q 2 . The domain can be interpreted as M(ay 2n−2 , ab; ρ 12 , σ 2 ). Again modulo two count of the moduli space can be computed by using A ∞ relation of m 2 (ay 2n−2 , ρ 1 , ρ 2 , σ 2 ). Recall that m(ay 2n−2 , ρ 1 ) = x 2n−1 y 2n−1 and m(x 2n−1 y 2n−1 , ρ 2 , σ 2 ) = ab since the associated domains are rectangles.
The last term on the right hand side equals zero because m(ay 2n−2 , σ 2 ) = 0(domain Q 2 is adjacent to Reeb chords ρ 2 and σ 2 ). This implies m(ay 2n−2 , ρ 12 , σ 2 ) = ab, hence M(ay 2n−2 , ab; ρ 12 , σ 2 ) = 1.
Remark 3.6 An annulus domain of such kind (i.e, outside boundary consists of both α and β curves and inside boundary α curve only, and a cut on the inside boundary) always admits a holomorphic representative, since we are free to choose the length of the cut starting from the point a. so that the annulus admits a biholomorphic involution of it, again in the sense of Lemma 9.4 of [9] .
The moduli space M(ay 2n−2 , ab; ρ 12 , σ 2 ) = M(ay 2n−2 , ab; ρ 23 , σ 2 ) corresponds to ρ 23 ⊗ σ 2 ⊗ ab term occurs in δ 1 (ay 2n−2 ) in CF DD. However, the right hand side is zero by idempotent reasons.
• M(ay 2j , ay 2j+2 ; ρ 12 , σ 2 , σ 1 )
• M(ay 2j , ay 2j+2 ; ρ 12 , σ 12 )
The first interpretation M(ay 2j , ay 2j+2 ; ρ 12 , σ 2 , σ 1 ) has modulo two equals one by similar reasons. These contribute to differential between generators ay 2j and ay 2j+2 with algebra element contains ρ 23 but all go to zero because of idempotents, as well as M(ab, ay 2 ; ρ 12 , σ 3 , σ 2 , σ 1 ).
The second interpretation M(ay 2j , ay 2j+2 ; ρ 12 , σ 12 ) has Modulo 2 count equals zero. It can be proved by considering following A ∞ relation. 0 = m(m(ay 2j , ρ 12 , σ 1 , σ 2 )) + m(m(ay 2j , σ 1 ), ρ 12 , σ 2 ) + m(m(ay 2j , ρ 12 ), σ 1 , σ 2 ) + m(m(ay 2j , ρ 12 , σ 1 ), σ 2 ) + m(ay 2j , ρ 12 , (σ 1 , σ 2 )) m(ay 2j , ρ 12 , σ 1 , σ 2 ) = 0 since Maslov index is not one. m(ay 2j , ρ 12 ) and m(ay 2j , ρ 12 , σ 1 ) equal zero, because σ 2 was not involved and there is no such domain corresponding to these interpretation. m(ay 2j , σ 1 ) = 0 is clear from the diagram. Thus, the last term m(ay 2j , ρ 12 , (σ 1 , σ 2 )) = m(ay 2j , ρ 12 , σ 12 ) equals zero, too.
Case 2. Next we will consider following domains.
These domains are obtained by vertically extending domain Q 2 ; the first of domain can have cut at a point between ρ 2 and ρ 3 . The interpretation M(x 2k−1 y 2n−1 , x 2k−2 b; ρ 2 , ρ 1 , σ 2 ), which is essentially a rectangle so modulo two count of corresponding moduli space is one. Second domain can have cuts at two different points; a point between ρ 2 and ρ 3 , and a point between σ 2 and σ 3 . Considering an interpretation that has only one cut, the domain is an annulus with one of its boundary consists of two α curve segments and two β curve segments. If an interpretation has both of cuts, then it is also a rectangle with moduli space M(x 2k−1 y 2l−1 , x 2k−2 y 2l ; ρ 2 , ρ 1 , σ 2 , σ 1 ). Dualizing them, they yield algebra elements ρ 23 ⊗ σ 2 and ρ 23 ⊗ σ 23 for the type-D structure map δ 1 in CF DD, respectively. Case 3. Domains that possibly contribute differential with algebra element that contains ρ 23 are obtained by horizontally extending Q 1 + Q 2 . That is, we add 2j − 1 domains, j = 1, · · · , n − 1 on the top and resulting domain is R 2n−2j−1 + · · · + R 2n−3 + Q 1 + Q 2 . The only possible interpretation is M(x 2n−1 y 2n−2j−1 , x 2n−2j b; ρ 12 , σ 2 ). It doe not allow holomorphic representative, because the domain does not allow holomorphic involution interchanging two boundaries.
Likewise, we consider domains obtained by adding horizontally extended domains to Q 2 on top and bottom. Consider a domain
The domain is obtained by adding k − 2 domains on top and l − 2 domains on bottom. If k = l, then the domain obtained is the case that we have considered Figure 5 : A diagram of (2,6) torus link complement. The shaded region is a domain obtained by vertically extending domain Q 2 . This domain corresponds to a differential from x 1 y 3 to x 2 y 2 . Cutting along the bold curve on the boundary of domain, the domain turns out to be rectangular. (2, 6)-torus link. Top left can be interpreted as an annular domain, but it cannot give nontrivial differential due to idempotents. Top right is obtained by horizontally extending Q 2 on top, but its only possible interpretation does not allow any holomorphic representative. Bottom left and bottom right were obtained by horizontally extending Q 2 on top and bottom. If number of regions attached on top is not equal to number of regions attached on bottom, it has two interpretations; and they do not allow holomorphic representative either(bottom left). If two numbers are equal, then the domain can be also obtained by vertically extending Q 2 , which gives nontrivial differential. These four cases, in addition to the case of vertical extension of Q 2 , covers all possible domains that could contribute algebra element ρ 23 . in vertically extended case above. If k = l, then two interpretations are possible. First is M(x 2n−l y 2n−k , x 2n−k+1 y 2n−l+1 ; ρ 12 , σ 12 ). This is a genus two domain, and modulo two count of this moduli space is zero by similar reason given in Lemma 3.4. Second one is M(x 2n−l y 2n−k , x 2n−k+1 y 2n−l+1 ; ρ 12 , σ 2 , σ 1 )(or M(x 2n−l y 2n−k , x 2n−k+1 y 2n−l+1 ; ρ 2 , ρ 1 , σ 12 )). This is an annular interpretation, and that does not have holomorphic representative because it does not allow holomorphic involution.
Algebra element contains ρ 123 . Domains that possibly contribute to 22 algebra element ρ 123 are as follows.
. . .
Each of these domains are obtained by adding horizontally extended domain containing ρ 1 to the annular domain listed in algebra element ρ 23 .
We will investigate first domain. As before, we list all possible interpretations.
• M(ay 2n−2 , x 1 y 2n−1 ; ρ 123 , σ 2 , σ 1 )
Third interpretation is an annulus whose outer boundary has two α curve segment and two β curve segment, thus it does not have holomorphic representative. Four interpretation cannot give nontrivial contribution either because of A ∞ -module compatibility relation. On the other hand, second interpretation is an rectangular one, it allows holomorphic representative and its modulo two count of moduli space is one. The first interpretation also has moduli space with modulo two count one by A ∞ -module compatibility relation m 2 (ay 2n−2 , ρ 12 , ρ 3 , σ 2 , σ 1 ) = 0. Disregarding all terms that equal to zero, the compatibility relation reduces to,
Since m(ay 2n−2 , ρ 12 , σ 2 ) = ab, combined with the fact m(ab, ρ 3 ,
Above computation shows that moduli space M(ay 2n−2 , x 2n−1 y 1 ; ρ 123 , σ 2 , σ 1 ) has also modulo two count equals one.
Note that first and second interpretations will result same term after dualizing to CF DD. Sum of these two terms equals zero, so this domain actually has no contribution after all.
The second domain has two interpretations; M(ay 2n−2 , x 2n−1 y 1 ; ρ 123 , σ 2 , σ 1 ) and M(ay 2n−2 , x 2n−1 y 1 ; ρ 3 , ρ 12 , σ 2 , σ 1 ). First interpretation was considered in above computation, and second interpretation is an annulus whose outer boundary consists of two α curve segment and two β curve segment, so there is no holomorphic representative.
Similarly, the other domains (except for the last domain) give Whitney disks, and moduli spaces corresponding to the domains are M(ay 2j , x 1 y 2j+1 ; ρ 123 , σ 2 , σ 1 ), M(ay 2j , x 1 y 2j+1 ; ρ 3 , ρ 2 , ρ 1 , σ 2 , σ 1 ) and M(ay 2j , x 2j+1 y 1 ; ρ 123 , σ 2 , σ 1 ). Each of these moduli space has count one modulo two.
The moduli space of the last domain Q 1 + · · · + Q 5 + P 1 + · · · + P 2n−3 + Q 1 + · · · + Q 2n−3 can be interpreted in three ways. First, M(ab, x 1 y 1 ; ρ 123 , σ 123 ) whose Maslov index is different from one. Second possible interpretation is
gives m(ab, ρ 123 , σ 3 , σ 2 , σ 1 ) = x 1 y 1 , by considering m(ab, ρ 12 , σ 3 , σ 2 , σ 1 ) = ay 2 and m(ay 2 , ρ 3 ) = x 1 y 1 . Thus the modulo 2 count of the moduli space is 1. The last interpretation is
Existence of holomorphic curve and its modulo two count is quite clear from the diagram; the domain is essentially rectangular in this interpretation.
For the algebra elements of A(Z R ), we take advantage of symmetry of the diagram. A ∞ relations are listed as follows.
Dualizing above result, one should reverse the orientations of left and right punctures and consider idempotent restrictions. Dualized result can be summarized as, It is worth mention that there are three holomorphic disks contributing ρ 123 σ 123 ⊗ x 1 y 1 term in δ 1 (ab) from following moduli spaces.
Again, differentials that yield algebra elements σ 23 and σ 123 can be obtained using symmetry of the diagram with exactly parallel manner.
Examples
In this section, we will relate our result to known calculation for knot complements and closed 3-manifolds. These examples show how to use the algebraic structure of pairing theorem given in [6] .
A ∞ -tensor product of bimodule
Pairing of modules associated to single boundary case is well studied in [6] . Pairing of doubly bordered case is also similar; the only difference is the framed arc z. If we glue doubly bordered diagram and single boundary diagram, we match marked point z from the single boundary diagram and the one end of framed arc z. After pairing, the framed arc reduces to a marked point on the other side of boundary(if pairing two doubly bordered diagrams, then we connect two framed arc). In our example, we will be mainly interested in a type-D structure obtained by box tensor product CF A(H 1 ) CF DD(H 2 ), where single boundary diagram H 1 is glued on the right side of doubly bordered diagram H 2 . The resulting type-D structure map (δ ) 1 is,
where x ∈ S(H 1 ) and y ∈ S(H 2 ). of left and right components are passing through the β 1 and β 2 respectively, so the ∞-surgery on the right components gives a unknot complement with framing (n − 1). We compute CF D of the unknot complement as follows.
∞-surgery on right component of link
Let H (2,2n) be a doubly bordered diagram of (2, 2n) torus link complement, and H ∞ be a single bordered diagram of solid torus. Then generators of S(H ∞ ∪ ∂ H (2,2n) ) consists of w ⊗ ab and w ⊗ x 2k b, k = 1, · · · , n − 1.
Computing CF A(H ∞ ) is easy; that is,
Now we consider type-D structure of CF DD(H (2,2n) ). We omit terms which do not appear after taking box tensor product with CF A(H ∞ ), thus have no contribution in computing CF A(H ∞ ) CF DD(H (2,2n) ). Thus type-D structure (δ ) 1 is,
Compare this result with [3] , Example 2.2.
Knot complement of trefoil
Consider (2, 4) torus link. If we glue right component by solid torus of framing +2, then resulting diagram will be diffeomorphic to trefoil after handleslide and blow down +1 unknot component. A type-D structure (
The dashed line is denoted unstable chain, where
We claim that the chain complex described above is homotopy equivalent to a complex (N 2 , (δ 2 ) 1 ) which is identical to the complex above but unstable complex has been replaced by
Define a map π : N 1 → N 2 such that π(q ⊗ x 3 y 1 ) and π(q ⊗ x 2 y 2 ) equal zero, and otherwise acts as identity. We also define a map ι : N 2 → N 1 as an inclusion. Then π • ι = I N2 is obvious. In addition, a homotopy equivalence H : N 1 → N 1 is given as,
which extends as a A(T )-equivariant map. Then it is clear that ι
Remark 4.1 Compare above result with section 11.5 of [6] , from which they spelled out an algorithm to recover CF D(S 3 \νK) from CF K − . According to their notation, the length of unstable chain is 3 (the number of generators between two outermost ones). This length is closely related to the framing of knot complement and concordance invariant τ (K)(see equation (11.18 ) from [6] ). In our case, the framing of left component of link was originally -1, but handleslide procedure has added +4 and therefore the framing is 3. Since τ (Trefoil) = 1 is less than the framing, the length of unstable chain agrees with the framing. Theorem A.11 from [6] has the precise description of relation between τ (K) and unstable chain.
(n 1 , n 2 )-surgery on Hopf link
Hopf link is (2, 2) torus link. If n 1 and n 2 are two positive integers such that n 1 n 2 = 1, then (n 1 , n 2 )-surgery on Hopf link results a lens space L(n 1 n 2 −1, n 1 ). Heegaard Floer homology of the lens space has n 1 n 2 − 1 generators whose differentials equal zero.
Diagram of Hopf link complement is easy. In addition, α 
CF DD(S 3 \ν(Hopf link)) has two generators ab and x 1 y 1 . Its type-D structure is given as below. and it is exactly an identity module described in [7] . The only nontrivial differential is,
Thus the homology of CF A(H L n1 ) CF A(H R n2 ) CF DD(S 3 \ν(Hopf link)) has n 1 n 2 − 1 generators as expected.
Homotopy Equivalence
In this section, we streamline type-DD structure computed in section 3 to a type-DD structure that does not involve any differential with algebra element 1. Figure 9 : Simplified diagram of CF DD of (2, 2n) torus link complement, n ≥ 3. The generators are intentionally placed so that they form squares from top right to bottom left. The number of such squares are n − 1.
Proposition 5.1 Type-DD structure of link complement of (2, 2n) torus link complement, where n ≥ 3, has same homotopy type as complex given in [ Figure  9 ].
proof Let us denote (M, δ 1 ) the type-DD structure computed in section 3 and (N, (δ 1 ) ) the type-DD structure given as [ Figure 9 ]. More specifically, the map (δ 1 ) has following differentials.
ab → ρ 123 σ 123 ⊗ x 1 y 1 + (ρ 1 σ 3 + ρ 3 σ 1 ) ⊗ x n y n , ay 2k → ρ 1 ⊗ x k y k + ρ 3 ⊗ x n+k y n+k , where k = 1, · · · , n − 1 These maps are easily checked satisfying the compatibility condition spelled out in Definition 2.2.55 of [7] . Then, the composition of two maps We need to consider various cases to define H(x i y j ). Before giving definition, we will introduce new notation xy(2k, l) ∈ M for notational simplicity. Remark 5.2 The symmetry of diagram seems to be lost after removing differentials of algebra element 1, since differentials of algebra element ρ 23 σ 123 between x 2k b and x k+1 y k+1 . This phenomenon is caused because we set the map F to "collapse" bottom right corner of original type-DD structure. If we set F to collapse top left corner of original diagram, then the resulting complex will look like [ Figure 10 ]. Figure 10 : Another type-DD structure homotopic equivalent to the original type-DD structure. The differential represented by dashed line can be changed to differential in [ Figure 9 ].
